Abstract. We consider minimal closed hypersurfaces M 4 ⊂ S 5 (1) with constant scalar curvature. We prove that, if M 4 is additionally a Willmore hypersurface, then it is isoparametric. This gives a positive answer to the question made by Chern about the pinching of the scalar curvature for closed minimal Willmore hypersurfaces in dimension 4.
1. Introduction. S. S. Chern proposed the following question (see [7] and [8] ): Let M n ⊂ S n+1 (1) be an n-dimensional closed minimally immersed hypersurface of S n+1 (1) (n ≥ 2) with constant scalar curvature. Let A be the set of possible values for the (constant) scalar curvature of M n . Question: Is A a discrete set of real numbers?
First non-trivial case is n = 3. This case has been completely solved combining results from [2] and [6] in the more general context of local constant mean curvature. The answer is: for fixed H (constant mean curvature), A is finite.
For n ≥ 4 the problem remains open. In this note we study the subclass of closed minimal Willmore hypersurfaces of S 5 (1) with constant scalar curvature. Precisely, we prove the following: Remark 1. In dimension n = 2, the minimality implies the Willmore condition, in other words, minimal surfaces are examples of Willmore surfaces in S 3 (1) . In dimension n = 3, it was proved in [3] that every closed minimally immersed hypersurface of S 4 (1) with identically zero Gauß-Kronecker curvature and nowhere zero second fundamental form is the boundary of a tube of a minimally immersed 2-dimensional surface in S 4 (1), whose geodesic radius is each normal direction is never zero. This means, by taking a non-isoparametric surface (close to the veronese surface), one can build a non-isoparametric minimal Willmore hypersurface of S 4 (1). This shows that the condition S ≡ const. is essential to proving that in dimension n = 4, minimal Willmore hypersurfaces are isoparametric in S 5 (1). (1) . We use the following convention for the indices: A, B, C, D range from 1 to 5 and i, j, k range from 1 to 4. The structure equations of S 5 (1) as a hypersurface of the Euclidean space R 6 , are given by
whereR is the Riemannian curvature tensor 
we can write
Here h = i,j h ij ω i ω j denotes the second fundamental form of M 4 and the principal curvatures λ i are the eigenvalues of the matrix (h ij ). Furthermore, the mean curvature is given by H =
we have
where R is the Riemannian curvature tensor on M 4 with components satisfying
These structure equations imply the following integrability condition (Gauß equation):
For the scalar curvature we have
is the square norm of h.
From now on we will consider minimal hypersurfaces, that is the mean curvature H is identically zero on M 4 . In this situation, its Ricci curvature and scalar curvature are given by, respectively,
It follows from (2.3) that κ is constant if and only if S is constant. The covariant derivative ∇h with components h ijk is given by
Then the exterior derivative of (2.2) together with the structure equations yields the following Codazzi equation
For any fixed point on M 4 , we can choose a local orthonormal frame {e 1 , ..., e 4 }, such that
We define the symmetric functions f 3 and f 4 on M 4 as follows:
and additionally
The following formulas are taken from Peng and Terng [14] (see also [15] ):
In particular, if S and f 3 are assumed to be constant, using the equations above, we have
Because h ijk is totally symmetric, we have (2.10)
3. Willmore hypersurfaces of spheres. Willmore hypersurfaces in spheres are known to be the critical points of the variational problem of the following Willmore functional (see [9] ):
H. Li computed the Euler-Lagrange equation for the Willmore functional. He obtained the following characterization of Willmore hypersurfaces (see [9] ).
. Then M n is a Willmore hypersurface if and only if
where ρ 2 = S − nH 2 , ∆ is the Laplacian and (.) ij is the covariant derivative with respect to the induced connection.
An immediate consequence of Theorem 2 is the following characterization of Willmore hypersurfaces of spheres with constant mean curvature and constant scalar curvature:
be an n-dimensional compact hypersurface with constant mean curvature and constant scalar curvature in an (n+ 1)-dimensional unit sphere S n+1 (1) . Then M n is a Willmore hypersurface if and only if
In particular, the Willmore condition for minimal hypersurfaces with constant scalar curvature is equivalent to the condition f 3 ≡ 0.
In dimension n = 4, we have the following examples:
is a minimal Willmore hypersurface with S = 0;
is the only closed minimal Willmore hypersurface which is isoparametric in S 5 (1) with two distinct principal curvature;
and consider the real function F :
Then for every t, 0 < t < π 4 , the level hypersurface of F given by
is an isoparametric hypersurface with principal curvatures
, λ 3 = tan(t) and λ 4 = − cot(t).
The hypersurfaces M 4 t constitute the Cartan family of isoparametric hypersurfaces with four distinct principal curvatures. Among these isoparametric hypersurfaces, only the minimal one, M 
Note that isoparametric hypersurfaces with four distinct principal curvatures in S 5 (1) and S 9 (1) were constructed by E. Cartan [5] , with the property that all the principal curvatures have the same multiplicity. Such hypersurfaces are homogeneous and do exist only in S 5 (1) and S 9 (1). Nomizu (see [12] and [13] for details) generalized Cartan's construction to higher odd dimension.
4. Proof of Theorem 1. Obviously, if S = 0 (trivial case), then M 4 is the totally geodesic great sphere S 4 (1). Suppose from now on that S > 0. Because the hypersurface is assumed to be minimal and by the Willmore condition f 3 = 0, the characteristic polynomial of the matrix (h ij ) corresponding to the second fundamental form is given by
It is clear that this fourth order polynomial p(λ) has real roots (principal curvatures of M 4 ) if and only if S 2 ≥ 16K everywhere and M 4 has non-negative Gauß-Kronecker curvature function, i.e, K ≥ 0. Renumbering the vector fields e 1 , e 2 , e 3 , e 4 if necessary, we may assume that the pincipal curvatures satisfy λ 1 ≤ λ 2 ≤ 0 ≤ λ 3 ≤ λ 4 . More precisely we have
It is clear that λ i (p) = λ j (p) for arbitrary 1 ≤ i < j ≤ 4 at some point p ∈ M 4 if and only if at that point p one has K(p) = 0 or 
16
. In order to prove Theorem 1, we have to distinguish the following cases:
The following result will play a crucial role in the proof of our main result. 
Using the Codazzi equations (see integrability conditions from section 2), we obtain the following at p:
Since M 4 is minimal and has constant scalar curvature, we have for 1
It follows from (4.2), (4.3) and (4.4) that (4.5) h iii = 0 for all i at p.
Another consequence of the Willmore condition for minimal hypersurfaces with constant scalar curvature, i.e., f 3 = 0, is that f 4 = Because of (4.3), the only eventual non-zero h ijk are h 113 , h 114 , h 223 , h 224 , h 331 , h 332 , h 441 and h 442 , and we use (4.2) to get
Therefore, by (2.8) we have From the equations (4.6) and (4.7), we deduce that
On the other hand, we use again (4.2), (4.3) and (4.5) to compute the expressions of A and B at p explicitly. We get the following:
So by (4.8), we conclude that h ijk = 0, for all i, j, k. Thus 0 = Proof. If 0 ≤ S ≤ 4, our result follows immediately using a result of Chern, do Carmo and Kobayashi [8] . Assume now that S > 4. In this case we want to prove that S = 12, i.e., κ = 0. Suppose that S = 12, i.e., |κ| > 0.
Consequently, the characteristic polynomial (4.1) has constant coefficients, i.e., the hypersurface M 4 is isoparametric. Since S > 0, M 4 then is an isoparametric hypersurface of S 5 (1) with three distinct principal curvatures. This is a contradiction as it is well known from Cartan's classification result [4] that isoparametric hypersurfaces of S n+1 (1) with three distinct principal curvatures do exist only if n = 3, 6, 12, 24. This proves that the open subset of M 4 defined by
is non-empty. We say that the pair (U, ω) is admissible if
From [1] , we know that there is one and only one 3-form ψ on X such that if (U, ω) is admissible, then such a 3-form ψ is given on U by 
Proof. Differentiating our curvature conditions
This implies
and (4.10)
Using the equation (2.4), we deduce
we just need to compute ω 1 ∧ ψ; the other terms can be determined by analogy. Using the equations (4.10) and (4.11), we get
Lemma 2. The exterior differential d ψ of the form ψ on X is given by
Proof.
From the structure equations, we have:
vol.
In the same way (interchanging the role of ω 1 and ω 2 ), we have
We also have
Similarly one computes
to get that
Recall that the principal curvatures satisfy λ 1 = −λ 4 and λ 2 = −λ 3 . Thus S 2 −16K = 4(λ 2 . Now using (4.10) to compute I 1 , we get
Similarly, we have
Therefore,
This establishes the formula (4.12).
Now we are in position to continue the proof of Theorem 4. From Sard's theorem, we can obtain ε > 0 such that C 1 − ε is a regular value of K. Take 0 < ε 1 < ε sufficiently small such that D(p) = 0 for all p ∈ W ε ∪ W ε1 , where W ε and W ε1 are compact subsets of M 4 defined by
Now we consider a smooth function η ε,ε1 : (−∞,
In fact the function η ε,ε1 can be defined by η ε,ε1 (t) = ξ t − C 1 − (ε 1 + ε) , where
Applying Stoke's theorem to integrate
Define the numbers C := max From Lemma 3 and Sard's theorem we can obtain 0 < ε 2 < ε 1 , such that the number t 2 = C 1 − (ε 2 + ε) is a regular value of K and Therefore, we can define inductively a sequence (ε i ), 0 < ε i < ε i−1 , such that the number t i = C 1 − (ε i + ε) is a regular value of K and (4.16)
